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' Galois representations at all places undeformed. 
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^ , Introduction 

In this paper, we work over an algebraically closed field k of characteristic p even though our results 
can be extended to non-algebraically closed fields. Let X be a smooth connected projective curve over 
k, let S* be a finite closed subset of X, and let £ he a prime number distinct from p. For any s G 5, 
let ?7s be the generic point of the strict henselization of X at s. A lisse Q^-sheaf ^ on X — 5 is called 



^T) ' physically rigid if for any lisse Q^-sheaf 'i^ on X — S with the property — ^oi any closed 

o ' 

point s in S, we have ^ = The lisse Q^-sheaf on X — S corresponds to a Galois representation 



p : G'a\{K{X)/K{X)) ^ GL(n,Q,) 
of the function field K{X) unramified everywhere on X ~ S. ^ is physically rigid if and only if 



for any Galois representation p' of G&\{K{X) j K{X)) such that p' and p induce isomorphic Galois 
representations of the local field obtained by taking completion of K{X) at any place of K{X), we 
have p = p' . In another words, a physically rigid sheaf ^ is completely determined by all the Galois 
representations of local fields defined by ,^ . To get a good notion of rigidity, we have to assume 
X = Y\. Indeed, if X has genus 5 > 1, then there exists a lisse Q^-shcaf of rank 1 on X such that 
^(gin nontrivial for all n. For any lisse Q^-sheaf ^ on X — S*, the lisse sheaf = ^ ® -Sf is not 
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paper. In May 2005, H. Esnault invited me to visit Essen and suggested me to work on the problem studied in this 
paper. It is my great pleasure to thank her for all the help. The research is partly supported by the NSFC (10525107, 
10921061) and 973 (2011CB935904). 
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isomorphic to since they have non-isomorphic determinant, but ,'^\r)^ for aU s EX. Hence 

^ is not rigid. A Usse Q^-sheaf ^ on X — S" is called cohomologically rigid if we have 

H\X,j,^ndi.^)) = 0, 

where j : X — S ^ X is the canonical open immersion. In 7, 5.0.2], Katz shows that for an irreducible 
lisse sheaf, cohomological rigidity implies physical rigidity. It is conjectured that the converse is true. 

In [2j Theorem 4.10] , Bloch and Esnault study deformations of locally free ^^-s-modules provided 
with connections while keeping local (formal) data undeformed, and they prove that physical rigidity 
and cohomological rigidity are equivalent for locally free i^x-s-niodules provided with connections. 
Motivated by their results, in this paper, we study the deformation of lisse £-adic sheaves while keeping 
the local monodromy undeformed. More precisely. Let F be any one of the following fields: a finite 
extension of the finite field ¥( with £ elements, an algebraic closure of F^, a finite extension of the 
^-adic number field Qi, or an algebraic closure of Q^. Let ^ be a lisse F-sheaf on X — S. In this 
paper, we study the deformation of ^ so that (s G 5) remain undeformed. 

Let be a generic point of X. We define an F-representation of 7Ti{X — S, fj) of rank r to be a 
homomorphism p : Tri{X — S,f]) GL{F^) such that the following conditions holds; If F is a finite 
extension of or Q^, we require p to be continuous, where the topology on GL(F''') is the discrete 
topology if F is a finite field, and is induced by the the £-adic topology on F if F is a finite extension 
of Qe; if F an algebraic closure of F^ (rcsp. Qi), we require the existence of a finite extension E of 
¥i (resp. Qe) such that p factors through a continuous homomorphism tti{X — S,f]) GL(F''). Let 
V — ^fj. Then the lisse F-sheaf on X — S defines an F-representation 

Po:ni{X-S,f})^GL{V). 

Fix an embedding Gal{fis/ris) ^ Tri{X — S,fj) for each s £ S*. Our problem can be interpreted as the 
deformation of the representation po so that po|Gai(»)s/j)s) £ "5*) remain undeformed. Our treatment 
is similar to Mazur's theory of deformation of Galois representations ([5]). 

Denote by C the category of Artinian local F-algebras with residue field F. Morphisms in C are 
F-algebra homomorphisms. Using the fact that the maximal ideal of an Artinian local ring coincides 
with its nilpotent radical, one can check that morphisms in C are necessarily local homomorphisms 
and they induce the identity idp on the residue field. If A is an object in C, we denote by xxia the 
maximal ideal of A. A homomorphism p : t:i{X — S,fj) — s> GL(A''') is called a representation if by 
regarding A^ as a finite dimensional F- vector space, p is an F-representation of tti{X — S,fj). 
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Let pi,p2 '■ 7ri(X — S,fj) ^ GL{A^) be two representations. For any subgroup G of 'k\{X — S,f]), 
we say pi\g and P2\g are equivalent if there exists P e GL(.4' ) such that P~^pi{g)P = p^ig) for all 
g G G. We say Pi\g and P2\g arc strictly equivalent if the above condition holds for some P with the 
property P = I mod mA- We write pi\g — P2|g if they are equivalent. 

Fix an F-representation po ■ t^i{X — S,fj) — >■ GL(F''). For any A G obC, define R{A) to be the set 
of strict equivalent classes of representations p : Tri{X — S,f]) ^ GL(^'') such that p = po mod 
and p|Gai(?7,/?7s) — Po|Gai(f)s/?7,) ^ov all s G S. Each element in R{A) is called a deformation of po with 
Po\Ga.i{fjs/ris) being undeformed. The main result of this paper is the following theorem. 

Theorem 0.1. Assume all elements in the set End/?[7rj(x-s,)))] (-f^) '^^R scalar multiplications, where 
is considered as an F[tti{X — S,fj)]-module through the representation po. (This condition holds 
if Po is absolutely irreducible by Schur's lemma). 

(i) The functor R: C ^ (Sets) is pro-representable, that is, there exist a complete noetherian local 
F-algebra Runiv with residue field F and a homomorphism 

Puniv : 7ri(X - S, fj) GL{Rl^-^) 

with the properties puniv = Po mod mij^,^,^ and Pum^\Ga\(ns/ns) - Po|Gai(*7,/^,) for all s € S, such 
that the homomorphism Tri{X — S,f]) — >■ GL((i?univ/tn^^^.^)'') induced by puniv are representations 
for all positive integers m, and for any elem,ent p : tti{X — S,f]) — > GL(A'') in R{A), there exists 
a unique local F -homomorphism RunW A which brings Puniv to p. We call i?univ the universal 
deformation ring of po and Puniv the universal deformation. 

(ii) Let F[e] be the ring of dual numbers over F. The tangent space R{F[e\) of the functor R is 
isomorphic to H^{X,jt,S'nd{^)), where j : X — S ^ X is the open immersion, and ^ is the lisse 
F -sheaf on X corresponding to the representation po- 

(Hi) i?univ is isomorphic to the formal power series ringF\^\, . . . ,trn^ withm. = dimpH^{X,jt,S'nd{^)). 

(iv) If we don't assume elements in EndF[TTi{x-s,f])]{F'^) O'^e scalar multiplications, then F has a 
pro-representable hull, that is, there exist a complete noetherian local F-algebra Runiv with residue field 
F and a homomorphism puniv ■ T^iiX — S,fj) — ^ GL(i?^jj;^) with the properties puniv = Pa mod m/j^^,^ 
and /5univ|Gai())s/))a) == Po I Gai())s/))a ) for all s e S*, such that for any element p in R{A), there exists a 
(not necessarily unique) local F -homomorphism Runiv ~> A which brings puniv to p. 

We will prove (i), (ii) and (iv) in §1, and prove (iii) in §2. 



3 



1 Proof of the main theorem 



In this section, we prove study the pro-representabhty of the functor R using Schlessinger's criterion 
([9]). We start with a series of lemmas. 

Lemma 1.1. Let G be a group, let F be a field, and let Vi and V2 be F[G]-modules which are finite 
dimensional over F. Then for any commutative F-algebra A, we have a canonical isomorphism 

llomp[G]{Vi,V2) (X)_F A ^ Hom^[G](Vi (X)_f A, V2 ®f A). 

Proof. Fix bases for the F- vector spaces Vi and V2 . They give rise to bases for the A-modules Vi (S^p A 
and V2®fA. Write homomorphisms between these A-modules in terms of matrices using these bases. 
Suppose T : Vi (iiiF A V2 (E>F A is an ^[G]-module homomorphism. Then we can write 

T = ^ OiEi 

i 

such that Oi £ A are hnearly independent over F and Ei are matrices with entries in F. For any 
g £ G, let Mg and iV^ be the matrices of the action of g on Vi and V2, respectively. Note that entries 
of Mg and Ng lie in F. We have 

Y,a^iE,Mg-NgE,) = 0. 

i 

By the linear independence of Oi over F, we have EiMg = NgEi for all i and all g £ G. So Ei define 
-F[G']-module homomorphisms from Vi and V2. This shows that the canonical map 

}iomF[G]{Vi,V2) ®fA^ Hom^[G](Vi A,V2 <»f A) 

is surjective. The injectivity of this map follows from the fact that HomF[G](^i7 ^2) ®f A (resp. 
Hom^[G](^i'8)F^, V2®F^)) can be considered as a subspace of HomF(Vi, V2)'XiF^ (resp. Hom^(V^i®F 
A,V2 'S)F A)), and that 

IlomF{Vi,V2) (8)F ^ ^ RoniAiVi (E)f A,V2 (E)f A). 

(The last isomorphism follows from the fact Vi = F"^ {r = dimF^).) □ 

Lemma 1.2. Let A be an Artinian local ring, F = A/mA the residue field, p : G ^ Gh{A^) a 
homomorphism, and pq : G ^ Gh{F^) the homomorphism defined by p modulo m^. Regard A^ 
(resp. F^ ) as a module over A[G] (resp. F[G]) through the representation p (resp. po.) Suppose 
all elements in EndF[G] (-P''^) '"'e scalar multiplications. Then all elements in End^[G](A'') are scalar 
multiplications. 
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Proof. Recall that an epiniorphisni ^ — >■ i? of Artinian local rings is called small if its kernel o is a 
principal ideal with the property am a = 0. Any epimorphism of Artinian local rings can be written as 
a composite of a series of small epimorphisms. To prove the lemma, it suffices to prove the following 
statement: li (j) : A B is a. small extension, and all elements in Ends[G](^'^) and all elements in 
Endj?[(3] are scalar multiplications, then all elements in End^jc] (A'') are scalar multiplications. 
When (f) is an isomorphism, this is obvious. Suppose (j) is not an isomorphism. Let i be a generator of 
the kernel of (f). Since tvn.A — 0, multiplication by t induces a homomorphism 

A/mA tA 

which is necessarily injective. So if tai = ta2, then ai = 02 mod mA- Let P e End^[(3] (A''). Then 
(j){P) lies in EndB[G]{B^)- By our assumption, is scalar. So there exist a £ A and a matrix A 

with entries in A such that 

P = al + tA. 

For any g € G, from the fact that p{g)P — Pp{g), we get tp{g)A — tAp{g). By our previous discussion, 
this implies that p{g)A = Ap{g) mod xnA. Hence modulo th-a, A defines an element in Endj;-[G] (F*"). 
By our assumption, there exist a' E A and a matrix A' with entries in mA such that 

A = a'l + A'. 

As tmA = 0, we have 

P = al + tA = al + t{a'I + A') = (a + ta')I. 
Hence P is scalar. □ 

From now on let F be a finite extension of the finite field or Q^, or an algebraic closure of 
such a field, and let C be the category of Artinian local _F-algebras with residue field F. Let X be 
a connected smooth projective curve over an algebraically closed field k of characteristic p distinct 
from ^, S a. finite closed subset of A", 77 the generic point of A, and po '■ t^i{X — 5, fy) GL{F^) an 
F- representation of tti{X — S*, 77). Define the functor R : C ^ (Sets) as in Theorem 0.1. We will apply 
[HI Theorem 2.11] to this functor. Let 0' : A' — > A and 0" : A" — > A be morphisms in C, and consider 
the map 

(1) R{A'^A A") -^R{A')x j,^A) RiA") . 
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Lemma 1.3. Suppose (p" : A" ^ A is surjective. Then the map (1) is surjective. 

Proof. Let p' : ni{X - S,7]) ^ GL(A"-) and p" : wi{X - S,fi) GL(A"'^) be elements in R{A') and 
R{A"), respectively, such that they have the same image in R{A). Then there exists P G GL{A^) 
such that P = I mod and 

(j)' o p' = p-\^" o p")P. 

Here for convenience, we denote the homomorphism GL(^"') -> GL(^'') (rcsp. GL{A"^) GL(^'')) 
induced by 4>' (resp. </)") also by </>' (resp. (f>"). Since 4>" is surjective. There exists P" G GL(A"'') 
such that (j)"{P") = P and P" = I mod vcia"- Replacing p" by P"~^p"P", we may assume 

<l)' op' = (j)" op". 

We can then define a representation 

p : 7ri(X - ^ Gl((A' A"y) 

such that p is mapped to p' and p" under the two projections A' Xa A" A' and A' Xa A" A', 
respectively. It is clear that p = po mod m^/x^A"- To prove the lemma, it remains to verify that 

P|Gal(^,/7;,) - PolcaKrjs/rja) 

for any s G S. 

There exist e GL{A"-) and P," e GL(A'"^) such that 

p'|Gal(^,/77,) = ^s'"^(Po|Gal(r,,/r,,))Ps', p"|Gal(»7,/»7,) = ^'""^ (PO |Gal(^,/77,))-P"- 

Since o p' = cj)" o p", we have 

<^'(n')-^(po|Gal(,./,.))<^'(P;)=</'''(P;')-'(Po|Gal(,,/.,))0"(P;')- 

So 4>' {Pg)(j)" {Pg)~^ G GL(A'') defines an automorphism of the representation 

Gal{f]s/Vs) ^ GL{F^) ^ GL{A-) 
obtained from po by scalar extension from F to A. By Lemma 1.1, we have 

EndA[Galfe/,,,)](^'') = Endi.[GaIfe/,,,)](J"')OF A 
End^z/fGaUfj^/r;,)]!^'"^) — Endi^[Gal(f),/r;,)] (-P"^) <8lF 
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where A'' (resp. ^"'') is considered as an A[Gal(77s/?7s)]-module (resp. A"[Gal(r/s/77s)]-module) through 
the representation Po|Gai(?7,/»),)- Since 4>" : A" ^ A is surjcctive, the canonical homomorphism 

End^//[Gal(j7,/r,,)](^'"') ^ End^[Gal(f)3/i7s)] (^'~) 

is surjcctive. Using the fact that an endomorphism Q in End^[Gai(?7s/»)s)](^'^) is an isomorphism if and 
only if Q induces an isomorphism of {A/mAY, '^^ see that 

AntA"[Ga.l{fjJns)]i^"'') A.Ut^[Gal(f;,/,,,)](^'~) 

is surjcctive. We have shown that (j)' {Pg)(j)" {Pg)~^ lies in Aut^[Gai(^s/?7s)](^'^)- So there exists e 
AutA"[Gai(fi3/r)a)](^"'') such that 

<l>"{Q':) = cl>'{Pi)<p"{P'J)-'- 

We then have 

<A'(Pi) = <A"(Q';p;), 

We can find P« e Gl((^' x^^")*^) 

which is mapped to Pg and Q'^P'J under the two projections 
A' -Ka A" A' and A' Xa A" A", respectively. We then have 

PlGal(j?3/r),) = Ps'^{Po\Gal(fjJri,))Ps- 

This finishes the proof of the lemma. □ 

Lemma 1.4. Suppose </>" : A" A is surjective. If one of the following conditions holds, then the 
map (1) is bijective. 

(a) All elements in Findp[^^(^x-s,fj)]{P^) o-f^ scalar multiplications. 

(b) A = F and A" = F[e] is the ring of dual numbers over F. 

Proof. By Lemma 1.3, it suffices to show (1) is injective. Letpi, p2 : TTi{X—S,fj) ^ GLA'XAA"(^iA' xa 
A"Y^ be two elements in R{A' Xa A") such that they have same images in both R{A') and R{A"). 
Let ip' : A' Xa A" A' and ip" : A' Xa A" A" be the projections. Then there exist P' G GL(A"') 
and P" e GL(A"'-) such that 

P' = I mod vxa' , P" = I mod m^" , 

^'(pi) = p'- v'(P2)p', riPl) = p"-v"(P2)p". 
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We then have 

0V'(pi) = </)'(p')- W(P2).^'(p'), rriPi) = W'(P2)<^"(p")- 

We have 

Set p = (I)'i)'{p2) = (t)"V{p2)- Then we have 

First we work under the condition (a). By Lemma 1.2, cf)' {P')(j)" {P")~^ must be a scalar matrix. 
Choose a scalar matrix a" I such that 

cl>'{P')4>"{P")-' = <t>"{a")I, 

where a" is a unit in A" and a" = 1 mod ttia". We have 4''{P') = (f)"{a"P"). So we can find 
Q e Gl((A' Xa A"Y^ such that 

V''(Q) = P', iP"{Q)=a"P", Q = I modm^'x^A". 

As 

^'(pi) = ^'(g)- V'(P2)^'(Q), = <(g)-V"(P2)v"(Q), 

we have pi = Q^^p2Q- So pi and p2 arc strictly equivalent and they give rise to the same element in 
R{A' Xa A"). Hence the map (1) is injcctive. 
Next we work under the condition (b). Since 

P' = I mod tua' , P" = I mod m^" , 

we have <p'{P') = (f)"{P") = I. The above argument still works by taking a" = 1. □ 

Let ^' ; ^' — ^ ^ be a homomorphism in the category C with kernel a, and let G be a group. Two 
homomorphisms pi : G GL(A"") {i = 1,2) are called strictly equivalent relative to 4>' if pi = pi 
mod and there exists P G GL(^"') such that P = I mod a and P~^p\P = pi. 

Lemma 1.5. Let (p' : A' ^ A be a homomorphism in C with kernel a. 

(i) Let pi,p2 ■ 7ri(X — S*, ry) GL(^'^") he two representation such that pi = pi mod a and 
such that Pi = po mod m^' {i = 1,2). Suppose all elements in Fjiidp[T^^(^x-s,fj)]{F^) cii^^ scalar 
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multiplications. Then pi is equivalent to p2 if and only if pi is strictly equivalent to p2 relative 

to (j)'. 

(ii) Suppose furthermore that (j)' : A' A is surjective. Let pi : t:i{X ~ S,fj) Gh{A^) be a 
representation such that pi = po mod o. Then for any subgroup G of 'Ki{X — S, fj), we have that Pi\g 
is equivalent to Po|g if and only if Pi\g is strictly equivalent to Pq\g relative to cj)' . 

Proof. 

(i) If pi is equivalent to p2, then we can find P G GL(A"') such that P^^piP = p2. Modulo a, this 
equation implies that P^^pPo = p, where Pq G GL{A'') is the image of P under the homomorphism 
GL(yl"") —5- GL(^'"), and p : Tri{X — S,fj) GL(yl'') is the representation such that p — pi = p2 
mod a. If all elements in Endp[j^^(^x-s,ij)]iF'') scalar multiplications, then by Lemma 1.2, Pq must 
be a scalar matrix. Let P' G GL(yl"") be a scalar matrix lifting Pq. Then we have PP'^^ = I mod a, 
and {PP'^^)^^ pi{PP'^^) = p2. So pi is strictly equivalent to p2 relative to cj)' . 

(ii) If pi\g is equivalent to pola, then we can find P G GL{A'^) such that P~^ pi{g)P = pQ{g) for 
all g G G. Modulo a, this equation implies that P^^ pQ{g)Po = po{g) for all g £ G, where Pq G GL(A'') 
is the image of P under the homomorphism GL(j4"") GL{A'^). So we have Pq G Aut^[G](A''), where 
A'^ is regarded as a G-module through the representation pQ. As in the proof of Lemma 1.3, it follows 
from Lemma 1.1 that the canonical map 

is surjective if A' ^ A is surjective. Here A'^ is regarded as a G-module through the representation 
Pq. So we can find P' G GL{A"') such that P' = Pq mod a and P'-^po{g)P' = po{g) for all g E G. 
We have PP'-^ = / mod o, and {PP'-^)-^ pi{g){PP'-^) = po{g) for aU g G G. So pi\g is strictly 
equivalent to po\g relative to </)'. □ 

Given an F-representation tti{X ~ S,fj) GL{F^), we can talk about the cohomology groups 
H'^{tti{X — S,fi),F^). Indeed, for any topological tti{X — S*, fy)-modules M, we can define a chain 
complex C'{tti{X - S,fj),M) as in [TUl I 2.2] by requiring C'-{tti{X - S,f]),M) to be the group of 
continuous maps tti {X — S, fjY M, and we define 

H\t:i{X - S, n). M) ^ H\G- (^i {X - S, fi),M)). 

This allows us to define H'^{Tri{X — S, fj), F"^) in the case where F is a finite extension of or Q^. In 
the case where F is a finite field, F'^' is a finite discrete 'ni{X — S, 77)-module. The cohomology groups 
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of discrete tti{X — S, ^)-modules are studied in detail in [TU]. In the case where F is a finite extension 
of Q^, let A be the integral closure of in F, let A be a uniformizcr of A, and let L be a lattice in 
which is stable under the action of tti{X — S,f]). Then we have 

C-(MX-S,f)),F-) - C-{Tr,{X-S,7l),L)<^AF, 
H\7ri{X-S,f)),F-) = W{TTi{X-S,fj),L)<8)AF. 

Moreover, we have 

C (tti {X -~S,fi),L) = 1^ C" (tti {X - S, f]),L/X''L). 

n 

Using [U Oiii 13.2.3], one can show 

H'{tti{X -S,fi),L)^ \^H\7ri{X - S, i]),L/X''L). 

n 

Note that L/X"L are finite discrete 7Ti{X — S, ^)-modules. Finally in the case where F is an algebraic 
closure of (resp. Qt), choose a finite extension E of (resp. Qi) contained in F such that the 
representation tti{X — 5, 77) — ^ GL(F'') is obtained from a representation tti{X — S,fj) ^ GL{E^) by 
scalar extension. We define 

Win^iX -S,f)),F-)^ H\7Ti{X - S, 7-]),E-) <E>e F 

Note that for any finite extension E' of E contained in F, we have 

C\7TAX-S,fj),E'-) ^ CHMX-S,fi),E-)<E>EE', 
H\7Ti{X-S,7l),E''-) - WimiX -S,f)),E^-)<E,EE\ 

and (tti {X — S,fi), F"^) is isomorphic to the i-th cohomology group of the chain complex C' (tti {X — 
S,fj),F'-) defined by 

C'- (tti {X~S,fi),F-)^ hnj a (tti {X - S,f)), E'^), 

E' 

where E' goes over the set of finite extensions of E contained in F. Note that for this chain complex, 
C'^{Tri{X — S,fj),F^) is contained in the group of all continuous maps 7ri{X — S,fjy ^ F^ . 

If M is a finite discrete Tri{X — S", ^)-modulc, then M defines a locally constant etale sheaf ^ 
on X — S. If M is a torsion discrete Tri{X — S, ^)-modulc, then M is a direct limit of finite discrete 
Tri{X — S, ^)-modules, and hence M also defines an etale sheaf ^ on X ~ S. By [B] XI 5], we have 

H\tti{X - S,fj),M) H\X - S,Jl) 
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for any finite discrete tti{X — S*, r7)-module Af , and hence for any torsion discrete tti{X ~ S, ?7)-module 
by [J VII 5.7] and [10, Proposition 18]. It follows from the above the discussion that we have the 
following: 

Lemma 1.6. Given an F -representation ni^X — S,fj) GJ^{F^), let ^ be the corresponding F-sheaf 
on X ~ S . We have 

H^{tti{X - S,fj),F'') ^ H\X - S,^). 

Lemma 1.7. Let cj)' : A' ^ A he a nonzero homomorphism in the category C such that its kernel 
a has the property m-A'Ci = 0. Then a can be regarded as a vector space over F and — 0. Let 
p : 'Ki{X — S,fj) — > GIj{A'') be a representation such that p = po mod vha and such that p can be lifted 
to a representation tti{X — S,fj) — >■ Gh{A'^). Then the set of strictly equivalent classes relative to 4>' 
of such representations lifting p can be identified with the set H^{tti{X — S", 77), Ad(po)) ®F where 
Ad(po) the F -vector space of r x r matrices with entries in F on which tti{X — S,f]) acts by the 
composition of po with the adjoint representation o/GL(F''). 

Proof. Fix a representation pi : tti{X — S,fj) ^ Gh{A"') lifting p. Any representation p2 lifting p can 
be written in the form 

P2{g) = Piig) + S{g)pi{g), 

where 6{g) {g G t^i{X — S,f])) are r x r matrices with entries in a, and they define a continuous 
map S : Tri{X — S,fj) Ad(po) (^p O- Using the fact that P2(<7i52) = P2 (.91)^2 (32), one can verify 
(5 is a 1-cocycle. Conversely, for any 1-cocycle S : Tri{X — S,fj) — !> Ad(po) ®f 0, the map pi + Spi : 
Tri{X — S,f]) -> GL(^'") is a representation hfting p. Suppose 6,6' : ■7Ti{X — S,f]) — > Ad(po) a are 
two 1-cocycles such that 6 — 6' differs by a 1-coboundary, that is, 

6'{g)-6{g) = pi{g)Mpi{gr'~M 

for some r x r matrix M with entries in 0. Let P2 = Pi + 6pi and p'2 — pi -\- 6' pi. Then we have 

p'2 = il- M)p2{L + M) = (/ + M)-^p'2{L + M). 

So p2 and p'2 are strictly equivalent relative to (p' . Conversely, if p2 and p'2 are two representations 
lifting p which are strictly equivalent relative to cf)' , then the 1-cycles 6 and 6' defined by p2 = pi +6pi 
and p'2 = Pi + 6' pi differ by a 1-coboundary. This proves our assertion. □ 
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Lemma 1.8. Let j : X — S ^ X be the canonical open immersion, and let ^ he a lisse F-sheaf on 
X — S. Then we have a canonical exact sequence 

^ H\X,j,^) ^ H\X - S,^) ^^H\r,s,mr,J ^ H\X,j,^). 

Proof. Let A be the mapping cone of the canonical morphism Rj*'S . We have a distinguished 

triangle 

It gives rise to a long exact sequence 

It follows that jr*(A) = for i 7^ 1 and Jfi(A) ^ i^^j*^. Note that -R^j*^ is a punctured sheaf 
supported on 5, and for any s € S, we have 

It follows that 

ifO(X,A)=0, H\X,A)^^H\rj,,^U. 

Taking the long exact sequence of cohomology groups associated to the above distinguished triangle, 
we get a long exact sequence 

H°{X,A) ^H\X,j,^)^ H\X,Rj,^) ^ H\X,A) ^ H\X,j,^). 

H\X-S,^) ®,^sH\Vs,mvs) 

Our assertion follows. □ 

Lemma 1.9. We have a canonical isomorphism R{F[e]) = H^{X,jt,S'nd{^)), where j : X — S ^ X 
is the open immersion, and ^ is the lisse F-sheaf on X corresponding to the representation po- 

Proof. By Lemma 1.7, H^{7ri{X — 5, ry), Ad(/9o)) can be identified with the set of strict equivalent 
classes of representations p : '!ri{X — S,fj) GL((F[e])'') with the property p = po mod e. Similarly, 
H^{Ga\{f]s/r]s),Ad{po)) can be identified with the set of strict equivalent classes of representations 
p : Gal{f]s/r]s) — ^ GL((F[e])'") with the property p = po mod e. 
Let's describe the kernel of the canonical homomorphism 

H'imiX -S,fi),Ad{po))^ H\G&\{fjs/vs),Ad{po)). 
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Let p : TTi{X ~ S, ff) GL((F[e])'') be a representation with the property p = po rnod e. The 1-cocyle 
M : TTi{X — S, fj) — !■ End((i^[e])'') defined by p = po + A/po becomes a 1-coboundary with respect to 
the group GB\(fis/ris) if any only if p|Gai(^,/»)-) strictly equivalent to PolGai(f;,/?7,)- Lemma 1.5 
(ii), this is equivalent to saying that p|Gai(iia/i)a) is equivalent to polca^jjs/jjs) • Therefore the kernel of 
the canonical homomorphism 

H\t:^{X - S,n).M{po)) ^ i7i(Gal(77,/r;,), Ad(po)) 

can be identified with the set of strict equivalent classes of representations p : tti [X — S,fi) — > 
GL((F[e])'~) such that p = po mod e and p|Gai(,i,/,,,) is equivalent to po I Gai(>i, />,,)• 

By Lemma 1.8, (X, j^,<S'nd{J^)) can be identified with the kernel of the canonical homomorphism 

{X - S, Snd{.^)) ^ ' [Vs , '^nd{.^)\r,^). 
ses 

By Lemma 1.6, we have canonical isomorphisms 
H\X - S,Snd{^)) = H\7r,{X - S , f)) , Ad{po)) , H^rjs, <^nd{^)\^J = i/i(Gal(^,A/,), Ad(po)). 

Combined with the above discussion, we find that {X, j^,(ond{,^)) can be canonically identified with 
the set of strict equivalent classes of representations p : tti (X — 5, 77) — > GL((F[e])'') such that p = po 
mod e and p|Gai(fjs/77s) — Polcaiifj^/vs) ^'^^ s G S*. That is, we have H'^{X, j^,(ond{^)) = R{F[(\). □ 

Proof of Theorem 0.1 (i), (ii), (iv). By Lemma 1.3, the condition {Hi) in |&i Theorem 2.11] holds. 
By Lemma 1.4 (b), the condition {H2) holds. By Lemma 1.9, the tangent space of the functor R 
can be identified with H^{X,j^,S'nd{J^)), which is finite dimensional over F by [4, 1.1]. So the 
condition (H^) holds. Thus the functor R has a pro-representable hull. Suppose furthermore that 
Fiiidp[^j^(^x-s.rj)]iP^) consists of scalar multiplications. Then the condition (Hi) holds by Lemma 1.4 
(a). Thus the functor R is pro-representable. □ 

2 Obstruction to deformation 

Keep the notation of §1. 

Lemma 2.1. Suppose S is nonempty. For any torsion discrete 7:i{X — S,fj)-module M, we have 
H'{tti{X - S,fj),M) = for all i > 2. 
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Proof. Let / be a torsion discrete induced Tri{X — S", 7/)-module such that we have an embedding 
M ^ I. We have H^{tti{X - S, fj),I) = for aU i > 1. (Confer [TUl I 2.5].) So 

H'{tti{X - S, f]),M) ^ H'-^{tti{X - S, fj),I/M). 

By induction on i, to prove the lemma, it suffices to show H^{iti{X — S,fj),M) = for any torsion 
discrete 7Ti{X ~ S", 77)-module M. As H'^{'Ki{X — S,fj),I) = 0, it suffices to prove that the map 

H^TT^iX - S,f}),I) ^ H^TT^iX - S, n) , I/M) 

is surjective. Since / and M are torsion discrete tti{X — S", 77)-modules, they define F-sheaves and 
^ on X — S, respectively. By Lemma 1.6, we have 

H^(7r,(X-S,fi),I) - H\X-S,J^), 
H^TTiiX - S,f]),I/M) = H^{X - S,.f 

So it suffices to show that the map 

H^{X -S,J^)^ H\X - S.JjJl) 

the surjective. We have an exact sequence 

H^{X ^ S,J?) ^ B^iX ~ S,J I Ji) ^ H'^{X ^ S,J(). 

Since S is nonempty, X — is an affine curve. So we have H^{X — S, ^) = by [1^ XIV 3.2]. Our 
assertion follows. □ 

Suppose S is nonempty. Let A' —i' A he an epimorphism in the category C such that its kernel 
a has the property m^'O — 0. Let p : Tri{X — S, f]) — > GL{A'^) be a representation such that p = pq 
mod mA- Fix a set theoretic continuous lifting ^ : tii{X — S^ff) ^ GL(A"") of p. Consider the map 

c : 7ri(X - S*, f/) X 7ri(X - 5,7?) a ®_f End(i^'') = a ®_f Ad(po), 

c(5i,.92) = 7(5132)7(32)^^7(51)"^ - 1- 
One can show c is a 2-cocycle. By Lemma 2.1, c must be a 2-coboundary. Choose a continuous map 

5 -.TTi^X - S,ff) ^ a ®k Ad(/9o) 

such that c = d{5^~^). Then p' — ^ + 6 : tii{X — S^fj) — s- GL(A"') is a representation lifting p. We 
have thus proved that p can always be lifted to a representation p' : tii{X ~ S,fj) ^ GL(yl""). 
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Suppose furthermore that pIcaK??,/??,) — Po|Gai(^a/'7s) s G S. Choose Ps G GL{A'^) such that 

Pi'p{9)Ps = Poig) for all g £ Gal(??,/r,,). Choose P^ G GL(A" ) liftmg P,. Then (P>on'"')lGaifeM) 
is a lifting of plca^jj^/r/s)- Now p'lcai^ris/ru) ^'^ ^^^^ ^ lifting of p|Gai(j), /?;,)• As in the proof of Lemma 
1.7, the continuous map 6s : Ga.l{f]s/ris) — ?■ Ad(po) ®f a defined by 

p'(ff) = P'M9)P'-' + Ss{g)P'Mg)P'-' {g g G^l{fjs/vs)) 

is a 1-cocycle. Let [Ss] be the cohomology class of Sg in i/^(Gal(f;s/77s), Ad(po) (S^f a) and let c be the 
image of ([(5s])sgs in the cokernel of the canonical homomorphism 

H\Tri{X - S,f}),Ad{po) ®F a) ^ ^ H\Gal{f}s/vs),M{po) (^f a). 

ses 

By Lemma 1.8 and Lemma 1.6, this cokernel can be considered as a subspace oi H'^{X, jtfS'nd{^))®FO,- 
So we can also regard c as an element of in H'^{X^jt:Snd{,'^y) ®f ci- We call c the obstruction class 
to lifting p while preserving local data. For simplicity, in the sequel we simply call c the obstruction 
class to lifting p. In Lemma 2.2 below, we will show that c is independent of the choice of p', Pg and 
Pg. Note that we have 

det(p'(5)) = dcti^il + 6M)PsPo{g)Ps-') 
= (l + Tr(5,(3)))det(po(5)) 
= det(po(5)) + Tr{Ss{g))det{po{g)). 

It follows that the obstruction class to lifting det(p) is the image of the obstruction class to lifting p 
under the homomorphism 

H^{X,j^^nd{^)) ®Fa^ H^{X,F)i»Fa 

induced by 

Tr : <f nd(^) ^ F. 

Lemma 2.2. Suppose S is nonempty. Let (j) : A' ^ A he an epimorphism in the category C such that 
its kernel a has the property mA'Ci = 0. Let p : Tri{X — 6", ^) — >■ GL{A^) be a representation such that 
p = po mod tUA and p|Gai(^,/r,,) - Po|Gai(^,/r,,) foT any s £ S. Let p' : Tri{X - S,f]) GL(A"') be a 
representation lifting p (which always exists) and define the obstruction class c to lifting p as above. 

(i) c is independent of the choice of p' , P, and Pj, and c vanishes if and only if p can be lifted 
to a representation p" : 7ri{X — S,fj) — > GL(^"') such that p" = po mod and p"\Ga.i{fj,/ri,) — 
Po|Gai(»)3/»),) for any seS. 

15 



(a) The obstruction class to lifting det(p) is the image of c under the homomorphism 

{X, ^nd{^) )^Fa^ H^{X,F)<S>Fa 

induced by Tr : S'nd{J^) — > F. 

Proof. We have shown (ii) above. Let us prove (i). Let p" : ■k\{X — S,f}) — >■ GL{A'^) be another Ufting 
of p, and define 1-cocycles 

5s, Os : Gal{fis/r]s) Ad(/9o) Of a 

by 

p'{g) = P'sPo{g)P's-' + 5s{g)P'sPo{9)P's-\ 
p"{9) = P^Po{g)Ps-'+0s{g)PsPo{9)Ps-' 

for all g G Gal{f]g/r]g). Since p' and p" are liftings of p, the continuous map 

:ni{X - S,fj) ^ Ad(po) <8>f a 

defined by 

p"i9) = p'ig) + Hg)p'{g) (g e - s,fi)) 

is a 1-cocycle for the group 7ri(X — S, f)). For any g G Gal{'f]s/r}s), we have 
{Os{9) - Ss{g))P',po{g)P's-' = P"i9)-P'{g) 

= mp'ig) 

= i,{g){P^poi9)P'-' + 6g{g)P'gPo{g)P'-') 
= ^l^{g)P'Mg)P'-\ 

where the last equality follows from the fact that = 0. It follows that 

es{g)-Ss{9) = i'{g) 

for all g G Gal(^<,/77s). Hence the cohomology class [9s] — [5s] is the image of the cohomology class [V'] 
under the canonical homomorphism 

H^{-Ki{X - 5,^), Ad(po) ®F a) ^ i?^(Gal(7?,/?7,), Ad(po) ®f a). 
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It follows that ([^s])s£5 and ([^s])ses define the same element in the cokernel of the canonical homo- 
morphism 

H^TT^iX - 5,7?), Ad(po) ®F a) ^ 0ifHGal(r7,/%), Ad(po) (S>f a). 

ses 

So the obstruction class to lifting p is independent of the choice of the lifting p' of p. 

Choose Ps e GL{A'') such that P-^p{g)Ps = po{g) for all g e Gal{f]s/r]s) and choose e GL{A"') 
lifting Pg. As representations of Gal(?7s/??s), P'gPoP's~^ and PIpqP'~^ are equivalent and hence strictly 
equivalent relative to (f) by Lemma 1.5 (ii). Define 

5'^ : Gal(r?s/r/s) Ad(po) <8>f a 

by 

for all g e Gal(77s/'?s)- Then 5'^ is a 1-coboundary. Define 1-cocycles 

5s, 6s : G&\{f)s/ris) Ad(po) ®f a 

by 

p'{g) = P'sPo{9)P's-^+Ss{9)P'sPo{9)P's-\ 
p'{g) = P^po{g)P^-' + ~6s{g)P^po{g)P^-' 

for all g € Gal{f]s/ris). Then we have 

p'ig) = P'sP^{g)P's-^ + ~5s{g)P'sP^{g)P's-^ 

= P'sPo{g)P's-^ + K{9)P'sPo{9)P's-^ + ~5s{g){P'sPo{g)P's-^ + K{g)P'sPo{g)P's-') 
= P'sPo{g)P's-^ + (^^'(5) + ~5s{9))P'sPo{9)P's-^. 

It follows that 

5s = S's + 5s 

and hence Sg and differ by a 1-coboundary. So the obstruction class to lifting p is independent of 
the choice of and Pj. 

Suppose p can be lifted to a representation p" : tti {X — S, fj) — ?• GL{A'^) such that p" = po mod 
and p"\Gai{fjs/vs) - Pa\Ga\ifjs/vs) for any s e S. Then p"\GaUfjs/vs) is equivalent to Pipo|Gai(ri,/r,,)Pi"^- 
By Lemma 1.5 (ii), p"\Ga.\{fjs/vs) ^^'^ P^Po\Ga\{f]s/vs)P^~^ strictly equivalent relative to (j)' . By 
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Lemma 1.7, the 1-cocycle 9s defined above becomes a 1-coboundary for the group Gal(r|s/7/s). By the 
above discussion, to define the obstruction class to lifting p, we can use the lifting p" instead of the 

lifting p' . It follows that the obstruction class vanishes. 

Conversely, suppose the obstruction class c to lifting p vanishes. Then wc can find a 1-cocycle 
tp : ■K\{X — S,f]) Ad(po) ®F CI such that ■i/'lGai(f;s/r7,) + are 1-coboundaries for all s € S. Set 

p" = p' + i'p'. 

Then p" is a lifting of p. Moreover, for any g e Gal{f]s/r]s), we have 

p"{9) = p'{9) + i^{g)p'{9) 

= P>o(5)n'"' + Ss{g)Pipoi9)P'-' + V(5)(Pipo(5)n'"' + Ss{g)PMP^-') 
= P'Mg)P'-^ + {m + 5s{g))P'Mg)P'-\ 

Since V'lcaiCfjs/rjs) + is a 1-coboundary for each s G S, p"|Gai(^,/T;,) must be strictly equivalent to 
PgPo{g)Pg~^ relative to (p' by Lemma 1.7. In particular, p"|Gai(77s/77s) equivalent to Po|Gai(^s/r?5)- '-' 

Lemma 2.3. Suppose S is nonempty. Let cp : A' A be an epimorphism, in the category C such that 
its kernel a has the property rriA'a = 0, and let p : Tri{X — S,fj) GL{A''') be a representation such 
that p = po mod and p\Gai(fjs/ris) — Polca^^s/r/a) for any s £ S. If the rank r of po is 1, then the 
obstruction class to lifting p vanishes. 

Proof. By Lemma 2.2 (i), it suffices to show that R{A') — )• R{A) is surjective. For any A G oh^, 
let R'{A) be the set of representations p : TTi{X,fj) — )• A* such that p ^ 1 mod m^. (Here wc work 
with representations of TTi{X,fj), not those of tti(X — S,fj). Recall that two rank 1 representations 
are equivalent if and only if they are equal.) Note that R'{A) can be identified with the set of rank 1 
representations p of 7ri{X — S, fj) such that p =1 mod and p|Gai(f)s/'7s) — ^ s G S. i?' is a 

functor from C to the category of sets, and we have an isomorphism of functors R' ^ R defined by 
the map 

R'{A) 4 R{A), p ^ ppo 

for each A e obC. Let us prove R'{A') — ;> R'{A) is surjective for any epimorphism ^' ^ ^4 in C, that 
is, the functor R' is smooth. It suffices to prove the universal deformation ring R'^^^^ for the trivial 
representation 1 : TTi{X,fj) F* is a, formal power series ring. Let A be an object in C, and let 
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p : TTi{X, T]) ^* be a representation such that p ~ 1 mod xxia- Then the image of p is contained in 
the subgroup 1 + of A* . This subgroup has a filtration 

1 + m,4 D 1 + D • ■ • . 

For each i , we have an isomorphism of groups 

mym^+i-(l + mii)/(l + m^^+i), 

and m^/m^^ is the underlying abelian group of a finite dimensional vector space over F. In the case 
where -F is a finite extension of or Qi, any profinite subgroup of a finite dimensional i^- vector space 
must be a pro-i!-group. It follows that the representation p : Tri{X, fj) A* must factor through 
the pro- ^-completion of 7ri(X, ^) in this case. In the case where F = or Q^, we can find a finite 
extension E of F^ or Qi and a local Artinian F- algebra Ae with residue field E such that Ae®eF = A 
and such that p : tti {X, fj) A* factors through tti {X, fj) A'^ . The above discussion shows that 
p : TTi {X, fj) — > A* again factors through the pro-£-completion of tti {X, fj) . As the representation is of 
rank 1, p factors through the abelianzation F of the pro-^-complction of TTi{X,fj). By 6, X 3.10], the 
pro-£-completion of Tri{X, fj) is isomorphic to the pro-£-completion of the group with generators s^, ti 
(1 < * < 5 = genus(A)) and with one relation 

is,hs-h-')---isgtgs;H-')^i. 

It follows that F = Z^^. For any nonnegative integer m, F[[ti, . . . ,t2g]]/ {ti, . . . ,t2g)'^ is a finite 
dimensional vector space over F, and hence has a natural topology inherited from the topology on F. 
Endow F[[ti, . . . , t2g]] = -^[[^ij • ■ • 1 t2g]]/{ti, ■ ■ ■ , i2g)™ with the projective limit topology. Then 
the homomorphism 

7 : Z^f ^ {F[[t,,. . . , ^2^]])*, (Ai, . . . , X2g) ^ (1 + h)^' • • • (1 + t2g)^'^ 

is continuous if we put the £-adic topology on Z^^. So it induces a continuous homomorphism 

Z'/^iF[[t,,...,t2gW. 

One can then verify the ring F[[ti, . . . , t2g]] together with the representation tti (X, fj) — > {F[[ti, . . . , t2g]])* 
defined by the composite 

TTi [X, fj)^r^Zf ^{F[[t,,..., t2g]])* 
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satisfies the universal property required for the universal deformation ring and the universal deforma- 
tion. So the universal deformation ring is isomorphic to a formal power series ring. This finishes the 
proof of the lemma. □ 

Proof of Theorem 0.1 (in). Note that the pairing 

Snd{.^) X Snd{.^) F, (</>, ?A) ^ Tt{^ o 0) 
defines a self-duality on Snd{^). By the duality theorem (j3j 1.3 and 2.2]), we have a perfect pairing 

H^{X,j^gnd{.^)) X H^{X,j^gnd{,^){l)) ^ F. 
If all elements in End^[^j^(x-S.?))] (^'^) ^re scalar multiplications, then we have 

F = End(^) H°{X,j^Snd{.^)). 

So the morphism 

F-^Snd{^), a^al 

induces an isomorphism 

H"{X,F) ^ H"{X,j,<^ndi.^)). 
This implies that Tr : S'nd{^) — F induces an isomorphism 

H^{X,j^Snd(.^)) 4 H^{X,F). 

First consider the case where S is nonempty. By Lemma 2.2, this last isomorphism maps the obstruc- 
tion class to lifting a deformation of po to the obstruction class to lifting a corresponding deformation 
of det(po)- By Lemma 2.3, there is no obstruction to lifting a deformation of det(po)- It follows 
that there is no obstruction to lifting a deformation of pQ. Hence the functor R is smooth, and the 
universal deformation ring -Runiv is isomorphic to the formal power series ring F[[ti, . . . ,tm\] with 
m = dimFH^iX,j^S'nd{^)). 

Next we consider the case where 5* is empty. Fix a closed point oo in X. For any A £ obC, 
let R'{A) be the set of strict equivalent classes of representations p : tti{X — {oo}, fj) — > GL{A^) 
such that p = po mod ttia and /o|Gai(ri^/r,^) = Po|Gai(f;„/r,„)- Note that Po|Gai(f;„/»,^) is the trivial 
representation of rank r, and the functor R is isomorphic to R'. We are thus reduced to the case 
where 5* = {oo} is nonempty. □ 
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